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Residual Stress Effects in Failure from Flaws

B. R. LAWN* and D. B. MARSHALL

MucH modern strength analysis of brittle solids is based on a
somewhat idealized picture of Griffith flaws, that of a well-defined
microcrack driven to instability by an applied tension field distrib-
uted uniformly across the ultimate separation plane. However,
detailed investigations of specific flaw generation processes suggest
that, in general, this picture requires modification.' The creation of
flaws, even in solids usually regarded as essentially brittle, may
involve a limited amount of precursor plastic flow which can pro-
duce a highly localized, residual stress field about the flaw center.
The “ ‘pile-up’”> models of Stroh®~* and Cottrell® are the best known
examples of deformation-initiated fracture. In such cases the re-
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sidual field can significantly modify the stability of subsequent flaw
extension in an applied stress field and thus affect the strength
characteristics. However, because of the small scale of the pos-
tulated events few attempts have been made to obtain quantitative
experimental confirmation of any flaw model on a fracture me-
chanics basis.

In the present work we report on a flaw system which exhibits
residual stress effects which may be measured directly. The system
consists of a brittle surface loaded with a sharp indenter. Irreversible
deformation beneath the contact generates flaw nuclei® which de-
velop into penny-like ‘‘median’’ cracks,”® generally on indentation
symmetry planes: with a Vickers pyramid indenter, for instance,
two mutually orthogonal median cracks develop along the indenta-
tion diagonals (Fig. 1(4)). These cracks remain open when the
indenter is withdrawn, reflecting a residual tensile field due to the
permanent deformation zone.®'° Augmentation of the residual field
by tension loading then causes the median crack flaw to propagate
toward a critical failure configuration (Fig. 1(B)).

The techniques of indentation fracture mechanics may be readily
applied to the system shown in Fig. 1.}! Suppose that crack growth
occurs under conditions of mechanical equilibrium, expressed in
stress intensity factor notation by K =K. Then the characteristic
crack dimension ¢, corresponding to an indentation load P (Fig.
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Fig. 1. Fracture mechanics model of deformation-
induced median-crack flaw system.(4) Sharp inden-
ter at normal load P produces penny-like cracks of
characteristic dimension cg; (B) cracks extend to di-
mensionc under combined action of residual indenta-
tion field and applied tensile stress o. (Other crack
systems may develop during indentation cycle, but
these are not relevant to strength considerations (Ref.

7).)

1(A)) before application of the uniform tensile stress field is given
by

K =xPlcy®?=(x.+x,)Plc**=K, 1)

where the dimensionless constant x consists of components x,. due
to ideally elastic point loading P at the median crack center (the
crack driving force in this case coming from the wedging compo-
nent of the indentation load normal to the crack plane®) and x , due to
elastic/plastic mismatch stresses about the deformation zone.!® The
component x,. persists after the indenter is unloaded, so the fracture
mechanics relation governing crack growth in an applied tension
o (Fig. 1(B)) becomes

K=x,Plc*?+a(mQc)'?=K,. (c=c,) ?)

where () is another dimensionless constant. There is a strong anal-
ogy between the terms in this relation and the corresponding fracture
mechanics relation for crack formation in a dislocation pile-up
field.! Equation (2) transforms into a stress/crack-size function,
conveniently normalized, thus

o =[K J(mQc)"?)(colc)[1—(cnlc)¥2/4] (c=cy) 3)
with a maximum at

0 =3K /4w Qe ) )V? (4a)

cu=x-PIK )" (4b)

Note that in the limit of zero residual stress effect, i.e. x,—0,
¢,,—0, Eq. (3) reduces to the standard strength equation. Generally,
the stability of the indentation flaw depends on the relative values of
co and cp: Egs. (1) and (4D) give

colew=[(1+xc/ XA (&)

so that if co<<c,,, i.e. if x,/x.>'/3, the flaw extends stably to failure
at o=0,,, whereas if cy>c,,, i.e. x,/x.<'/s, the flaw propagates
spontaneously at the value of o given by Eq. (3).

This analysis was tested on soda-lime glass disks, by directly
observing median flaw growth under the conditions of Fig. 1(B).
The tensile stress was applied biaxially in a symmetrical ring-on-
ring flexural arrangement'? and the resulting flaw extension was
followed through an inverted microscope located immediately be-
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Fig. 2 Equilibrium growth of median-crack flaws to failure (arrowed) in
tensile field. Data for soda-lime glass, inert environment, P =50 N, ¢, =300
um. Each symbol represents a single crack; filled symbols denote as-
indented surfaces, open symbols surfaces annealed prior to strength testing.
Note initial stable crack growth for c,<c,, (producing energy barrier to
failure at o =0,,) and spontaneous extension to failure for ¢,>c,.

neath the indentation site. To ensure near-equilibrium conditions
throughout the test the crack regions were maintained in an inert
(moisture-free) environment: the absence of significant flaw exten-
sions over prolonged periods at preselected halt points in the tensile
loading provided a check against complications due to slow crack
growth. For comparison, tests were run on as-indented specimens
(x»>0) and on specimens annealed at 520°C for 24 h immediately
after indentation (x,=0).

Test results are plotted as the data points in Fig. 2. The curves in
the figure are representations of Eq. (3), fitted to the data with
these adjustments: initial flaw size ¢ (=300 wm, corresponding to
load P =50 N; for annealed disks, ¢, =0 and o=K./(7Qc,)!/2
=46.9 MPaatc =c; and for as-indented disks, ¢ ,, =450 um. These
adjustments yield x,/x. =0.85 from Eq. (5) for the as-indented glass
surfaces, well in excess of the minimum value specified for the
existence of a precursor stage of stable growth prior to failure.

The residual stress term in the present formulation has important
implications in the determination of strength properties. Im-
mediately apparent from Fig. 2 is a general lowering of the equilib-
rium failure stress (cf. similar deleterious effects due to internal
stresses in polycrystalline and two-phase ceramics'®'*). Perhaps
more serious, however, is a prospective acceleration of slow-
crack-growth effects in nonequilibrium situations, i.e. in fatigue
fracture. Such effects would be expected to enter strongly into
stress/lifetime predictions.'>!% In terms of Fig. 2, fatigue may be
represented by a subcritical path o(c) corresponding to slow growth
of the initial indentation flaw toward the unstable branch of the
appropriate equilibrium curve. The lifetime at any specified level of
stress is then governed by the velocity of the subcritical growth.
Various empirical crack-velocity functions have been proposed to
describe the fracture kinetics in brittle solids,!” but the most conve-
nient for present purposes takes the form

v=v, exp[B(K/K.)] (K<K.) (©)

where v, and B are constants. Substituting Eqs. (2) and (4b) then
gives

v=vy' exp[Bo(@Qc)V?/K,.] (K<K.) @)

which is the standard form for an ideal, residual-stress-free flaw but
with

vo' =vy exp[B(c . /c)*?[4] ®

replacing v, as the preexponential factor. Introducing the residual-
stress term into the fracture mechanics therefore effectively in-
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creases the crack velocity by a factor exp[B(c ,./c)*?/4]. For exam-
ple, atc =c¢,,, using B =33 evaluated from the room temperature
data of Wiederhorn and Bolz'® for soda-lime glass in water, this
factor has the value 3.8 10°. It is pertinent that vy’ /v, has its max-
imum value at ¢ =c,, i.e. in the region of initial growth which as-
sumes a controlling influence in any lifetime calculations based on
ideal-flaw theory.'>1¢ Caution clearly needs to be exercised in
ceramics-engineering applications of any design criterion incorpor-
ating the ideal-flaw concept, with due regard to the mechanical
history of the material under consideration.
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